Axions seem ubiquitous in string theories and some of them may be produced non-thermally by heavy scalar decays, contributing to dark radiation. We study various cosmological effects of photons produced from the axionic dark radiation through axion-photon conversion in the presence of primordial magnetic fields, and derive tight constraints on the combination of the axion-photon coupling and the primordial magnetic field.
I. INTRODUCTION
String theory is a promising candidate for the unified theory. After the compactification of string theory, there often appear light moduli, whose mass scales are of order of the supersymmetry (SUSY) breaking scale or even lighter. Such light moduli tend to dominate the energy density of the Universe and cause various cosmological problems, known as the cosmological moduli problem [1, 2] . This is one of the most important constraints on building realistic string-motivated particle physics models.
Among many solutions proposed so far [3] [4] [5] [6] [7] [8] , the simplest one is to make the moduli heavy enough to decay before the big-bang nucleosynthesis (BBN) begins. In this case, one has to make sure if the moduli decay do not produce cosmologically dangerous relics. In fact, it is known that the moduli generically decay into gravitinos with a sizable branching fraction, if kinematically allowed [9] .
1 More importantly, the present authors recently pointed out a generic problem that appears in many scenarios where the lightest moduli fields are stabilized by SUSY breaking effects: those moduli fields tend to mainly decay into almost massless axions, whose abundance is tightly constrained by the recent Planck results [10] . 2 The moduli-induced axion problem cannot be solved simply by increasing the modulus mass, and so, it is a rather robust problem. Not only does it place stringent limits on the moduli stabilization mechanism and the modulus couplings with the visible sector, but it also suggests that the axionic dark radiation may be ubiquitous in string theories. The axion production from the modulus decay was already known and studied extensively based on concrete examples. See e.g. Refs. [11] [12] [13] [14] .
Without invoking the string theoretic setup, it is a generic feature that the saxion in SUSY QCD axion models often decays into a pair of axions [15, 16] . The possibility of 1 The decay of thus produced gravitinos may spoil BBN, or produce too many lightest SUSY particles.
The moduli-induced gravitno problem can be solved if the gravitino as well as the lightest SUSY particle is heavier than the moduli or the R-parity is broken by a small amount. 2 The presence of extremely light axion is ensured by the shift symmetry : T → T + iβ, where T denotes the modulus field and β is a real constant. Then Im T is identified as an axion, which obtains a mass only through non-perturbative effects.
axionic dark radiation in SUSY axion models was studied in many literatures [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In this case, the QCD axion may account for both dark matter and dark radiation. Thus, the presence of axionic dark radiation is highly motivated by theoretical models beyond the standard model.
The Planck results constrained the amount of dark radiation as N eff = 3.30
+0.54
−0.51 (95% C.L.) in terms of the effective number of neutrino species [27] . Interestingly, the observations give a slight preference to the existence of dark radiation, ∆N eff ≡ N eff − 3.046 > 0. Therefore, the dark radiation may provide a clue to physics beyond the standard model. In order to distinguish between various dark radiation models, one needs the novel methods to detect dark radiation through their interactions.
In this paper we study cosmological effects of axionic dark radiation under the presence of primordial magnetic field. It is well known that axions are converted into photons and vice versa in the magnetic field background if the axion has an interaction with the electromagnetic field of the form [28, 29] 
where a denotes the axion field, g a is the coupling constant, F µν is the field strength of the electromagnetic gauge field andF µν = ǫ µνρσ F ρσ /2. If relativistic axions are converted into photons in the early Universe, they may cause disastrous effects on BBN, cosmic microwave background (CMB), etc. Hence the presence of axionic dark radiation may already be constrained from observations. Although there are no consensus on the strength of the intergalactic magnetic field, the recent Fermi data indicate lower bounds on the intergalactic magnetic field of the order B 0 10 −15 G on the scale of ℓ B 1 Mpc, and it can be as large as ∼ 1 nG [37] . If these magnetic fields have a primordial origin, they necessarily cause axion-photon mixing in the early Universe. For the discussion on the origin of primordial magnetic field, see Refs. [38] [39] [40] .
In the case of the string-theoretic axions, it has been discussed that axions whose decay constants are given by f a ∼ 1 8π 2 ga ∼ 10
14 GeV for the Calabi-Yau volume V ∼ 10 7 in Refs. [41, 42] (see also [43] for general discussions on the axiverse). The axions are coupled to both QCD and U(1) EM , when the visible gauge couplings are given by blowingup local moduli which are stabilized by string-loop corrections. Such axions could acquire (ultralight) masses via non-perturbative effects. It is expected that axionic dark radiation is produced through the lightest modulus decay because the axions are coupled to the lightest modulus in their kinetic terms [12, 13] .
4
Lastly let us mention the related works in the past. The conversion of CMB into the axion in the primordial magnetic field and resulting constraints were studied in Refs. [44, 45] . Some cosmological effects of axionic dark radiation were studied in Refs. [46, 47] .
Ref. [46] considered scatterings of the relativistic axions with matter, and studied the BBN constraint as well as SUSY particle production. More recently, Ref. [47] studied the axion conversion into the X-ray photons in the cluster magnetic field. In this paper, we study the axion-photon conversion under the primordial magnetic field, instead of the axion scattering or the cluster magnetic field. As a result, we derive tight constraints on combination of the axion-photon coupling g a and the primordial magnetic field B for a wide range of the axion mass. As we shall see later, it can even exclude the QCD axion as substantial dark radiation for some parameters.
In Sec. II we formulate the method to calculate the axion-photon conversion probability, including the resonant conversion. In Sec. III we derive cosmological constraints on the axionic dark radiation. Sec. IV is devoted to discussion and conclusions.
II. AXION-PHOTON CONVERSION IN THE EARLY UNIVERSE
The purpose of this section is to evaluate the conversion probability of the ultrarelativistic axions into photons through the mixing induced by the background magnetic field. The energy of axions at present is denoted by E 0 , which is assumed to be much 4 In this case, we expect large soft masses as the gravitino mass and hence one needs large coefficients in the Giudice-Masiero terms or many light Higgs fields through a fine-tuning.
higher than the temperature of the CMB photons, T 0 ≃ 2.725 K, i.e., E 0 ≫ T 0 . This enables us to start from the initial condition being the pure axion state, as there is effectively no background photons with such high energy. Throughout this paper, we assume that the axion is relativistic until present, namely, E 0 ≫ m a , where m a is the axion mass. In the early Universe the axion energy scales as E = E 0 (1 + z), where z is the redshift parameter.
Let us start with the following Lagrangian
where F µν is the field strength of the electromagnetic gauge field andF
Under the background magnetic field B, the last term in (2) induces the axion-photon mixing [29] . Our results do not depend on the sign of g a .
In analogy with the neutrino oscillation, the axion-photon oscillation can be described in terms of the density matrix [48, 49] :
where a i (p) and a † i (p) denote the annihilation and creation operators of the i-th particle with three-momentum p, respectively. The density matrix is a generalized version of the occupation number, and it is given by a 3 × 3 matrix since photons have two polarization states. For a given constant B, however, it is one of the two polarization states that gets mixed with axions. Therefore, the density matrix is represented by a 2 × 2 matrix (i = 1: photons, i = 2: axions) as long as one considers the axion conversion under the constant magnetic field. The effect of passing through regions with different B can be effectively taken into account in the two-flavor regime, as we shall see shortly. Such simplification is sufficient for the order-of-magnitude estimate of the conversion probability of axions into photons.
In the case of two flavor oscillations, it is useful to expand the density matrix in terms of the Pauli matrices;
where P x and P y is the correlation between photons and axions, and P z (P 0 ) represents difference (sum) of the photon and axion abundances. If P = 0, there is no correlation, and in particular, there is an equal amount of photons and axions. Such state is referred to as being in "flavor equilibrium." We are interested in the conversion probability of axions into photons. For this purpose the overall normalization of the density matrix is not relevant, and so, we adopt the normalization of the density matrix such that P 0 = P z = 1 and P 0 = −P z = 1 represent the pure photon and axion states, respectively. We use the pure axion state as the initial condition, and follow the evolution of P. Then ρ P11 (ρ P22 ) represents the probability that the photon (axion) is found.
The evolution of P 0 and P is described by the following equations [48, 49] :
where P T = (P x , P y , 0), e z = (0, 0, 1) and
Here B represents the magnetic field transverse to the wave propagation direction. The decoherence effect of photon scatterings with the background plasma as well as passing through the magnetic field domains is taken into account by adding damping terms with the coefficients D 0 and D, which are given by D 0 ≡ σ γe n e /2 and
B with σ γe = σ T for E < m e and σ γe ∼ σ T (m e /E) for E > m e . Here σ T is the Thomson scattering cross section, n e the electron number density, ℓ B the coherent length of the magnetic field, and E = E 0 (1 + z) the axion energy. The plasma frequency ω p is given by
where α is the fine structure constant, m e the electron mass and n e the electron number density. For the photon with energy lower than the ionization energy of the hydrogen atom, the ionized fraction X e is taken to be X e = 1 for z > 1090 and z < 11.4 while X e ≃ 2 × 10 −4 for 11 < z < 1090 as indicated by the Planck results. On the other hand, photons with energy higher than the ionization energy do not distinguish free electrons from those bound in atoms. Thus we simply set X e = 1 for E > 13.6 eV in the evaluation of the plasma frequency, independently of the redshift. While the evolution of the magnetic field strength depends on the model of magnetogenesis, we assume the simple scaling B ≃ B 0 (1 + z) 2 as it is realized if the large scale magnetic field is generated in the early Universe (say, during inflation) and frozen into the medium [38] .
Let us comment on the effect of the coherent length of the magnetic field, ℓ B . For simplicity we adopt the conventional cell model for the primordial magnetic field, in which the magnetic field is given by a constant vector in each cell, and there is no correlation of the magnetic fields between the adjacent cells. We adopt the following value of the coherent length:
The axion-photon mixing is interrupted and the correlation between photons and axions is suppressed each time axions pass through the boundary of the cells. The sudden change of the background (classical) magnetic field may be interpreted as the measurement of the quantum system of axions and photons, in analogy with the Stern-Gerlach experiment.
This is the reason why we included ℓ −1 B in the definition of D. Precisely speaking, the polarization state of photons which mixes with axions depends on the direction of B, and the evolution of the density matrix should be described in terms of a 3 × 3 matrix. However, the above simplistic treatment in the 2 × 2 matrix could be used for the order of magnitude estimate of the conversion rate of axions into photons. Note that the photons with an energy E disappear at the rate of D 0 and its energy dissipates into the plasma, while the photons are still propagating along the same direction after passing through the cells of the magnetic field. That is why only D 0 appears as the damping term in the evolution equation of P 0 + P z .
In the expanding Universe, the evolution equations (5) are slightly modified, as the momentum as well as the energy are redshifted. In effect, the evolution equations (5) are valid in about one Hubble time. Instead of following the evolution of the axionphoton system all the way down to present from the axion production, we analytically estimate the conversion rate in one Hubble time during which the evolution equations hold approximately.
Let us summarize here the redshift dependence of various quantities in the evolution equations:
for z 3400
(1 + z) 3 2 for z 3400, .
In Fig. 1 we show the evolution of these quantities as a function of the redshift. As one can see from the figure, some of them cross each other in the evolution of the Universe, which will be important for evaluating the conversion rate. For later use we define the following redshift;
Note that it is possible the parameters cross each other several times because X e changes between 1 and 2 × 10 −4 at the recombination and reionization epoch. For simplicity we consider the case where the cross-over takes place only once in the following analytical estimate, but such effects are taken into account in our numerical calculations. See Fig. 2 for the evolution of V z . One can see that the resonance takes place three times for m a = 10 −13 eV and E 0 /T 0 = 10 3 , while it takes place only once in the other cases. Solving Eq. (5) and deriving the conversion probability of the axion into photon are involved because of the Hubble expansion which causes a resonant conversion at V z ∼ 0.
Below we derive the conversion probability in the off-resonant regime and resonant regime separately.
A. Off resonant regime
where
In the expanding Universe, the energy as well as the magnetic field are redshifted. From the redshift-dependence of V x and V z , one can see that θ remains almost constant for As we shall see below, this effect will be automatically taken into account in the presence of the damping term,
Now we turn on the damping term. As mentioned before, the photons produced by the mixing will dissipate into plasma at the rate of D 0 . If D 0 > H, those photons disappear in one Hubble time. On the other hand, if D 0 < H, the produced photons will free stream, thus contributing to the diffuse X-ray or γ-ray background or reionization at later times.
The conversion rate depends on whether D is larger or smaller than V . In the following we consider the following three cases; (i)
In the case (i), there is no effect of the coherent length of the magnetic fields, i.e. D ≈ D 0 . The polarization vector P sticks to the z axis in this case, as there is no time for P x and P y to evolve due to the large damping term. Then P z evolves aṡ
where the dot represents the derivative with respect to time. Thus |P| ≈ |P z | is reduced by
in one Hubble time, where we have used a fact that |P z | is initially equal to 1 and the conversion rate into photons is much smaller than unity. Note that P 0 changes by the same amount, ∆P 0 ≃ −∆P z , as long as D 0 ≫ H, which is satisfied in the case (i).
Thus P 0 + P z remains zero, which implies that photons are scattered away soon after the production. The injected photon energy density in one Hubble time is given by
Numerically, we have
in the radiation dominated era for E m e . In the matter dominated era, the most right hand side of (22) should be multiplied by (1 + z)/3400.
We next consider the case (ii), in which D 0 is smaller than V , but is still larger than H. Note that D 0 becomes smaller than V at a certain point, because it decreases as
(1 + z) 3 while V decreases as (1 + z) 2 at early times (ω B ∝ (1 + z). In any case, the produced photons will dissipate into the plasma because the photon scatterings are still frequent, i.e., D 0 > H.
In the case (ii), the P rotates around the V with a frequency V , while its amplitude gradually decreases due to the small damping. Then the oscillation-averaged P z evolves
Thus the decrease of |P z | in one Hubble time is
The injected photon energy density in one Hubble time is given by
This formula contains a factor D/H, which is equal to H −1 /ℓ B for ℓ 
for E m e and D 0 > ℓ
B if m a ≪ ω p in the radiation dominated era. In the matter dominated era, the most right hand side of (26) should be multiplied by (1 + z)/3400.
Lastly let us consider the case (iii). In this case the decrease of |P z | in one Hubble time is similarly given by (24) . What is different is that the evolution of P 0 no longer follows −P z , and in general, P 0 + P z = 0. This implies that the produced photons do not dissipate into plasma, but free stream. The free-streaming photons are accumulated as they are produced by the mixing, and so, it is important to evaluate the timing when most of the free-stream photons are generated. The conversion rate in one Hubble time is given by
where we have used the fact that the Universe is matter-dominated for z < z dec . Thus, the conversion rate increased until the resonance at z = z res , and then decreased afterwards.
The density of such free-streaming photons is determined at z = min[z dec , z res ]:
If the resonance does not occur by the present time, it is evaluated at z = 0. Thus produced frree-streaming photons contribute either to diffuse X-ray or γ-ray background or to the energy injection at the reionization epoch if E > 13.6 eV.
B. Resonant regime
Next we consider the conversion of axions into photons in the resonant regime, |ω 
2 in the resonant regime.
The polarization vector P precesses around V and follows its evolution while α V 1, or equivalently,
Here and in what follows we assume (∆m 2 ) max < (∆m 2 ) adi , since otherwise a significant fraction of axions would be converted into photons in contradiction with observations, unless the initial axion density is negligibly small. When ∆m 2 becomes equal to ∆m ∆m 2 ∼ (∆m 2 ) adi , and given by
where all the parameters here are evaluated at the resonance. In the absence of the photon scatterings, the change in P z /2 results in the increase of the photon number density, and this fraction of axions are converted to free-streaming photons. Thus we obtain
This agrees with the result in Refs. [45, 52] up to a factor of order unity.
Let us now turn on the damping terms, D 0 and D. If D is greater than m 2 a /2E at z = z res , the effective mixing angle remains suppressed by the damping term, and there is no resonant production. We therefore focus on the case where D is smaller than V before the system enters the resonant regime. In this case, D becomes greater than V (∼ |V z |) only in the vicinity of the resonant point, ∆m 
for D ≫ H at z = z res , and
for D ≪ H at z < z res . Note that (∆P z ) res is larger than the off-resonant value at z ∼ z res (Eq. (26)) by a factor ∼ m 2 a /2ED.
On the other hand, if (∆m 2 ) D > (∆m 2 ) adi , the evolution of P z is governed by the Eq. (19) for the time interval ∆t ∼ 2ED/(3Hm 2 a ). Thus during the damping regime, P z changes with an amount
Again, all quantities here are evaluated at the resonant region. This is same expression as (30) . This also agrees with the result in Refs. [45, 51, 52] . Since D∆t 1 in this case,
we have (∆P 0 ) res ∼ −(∆P z ) res and hence the injected photon energy density is given by
Numerically, (∆P 0 ) res is evaluated as
if the resonance happens at the radiation dominated era (z res 3400). Note that z and hence this expression does not depend on m a . If z res 3400, the most right hand side of (36) should be multiplied by the factor (1 + z res )/3400.
III. CONSTRAINTS ON AXIONIC DARK RADIATION
As shown in Refs. [10] [11] [12] [13] [14] , the branching ratio of the modulus decay into its light axion partner is generically substantial if the modulus is stabilized by SUSY breaking effects.
Moreover, the moduli can also decay into the axion component of other moduli, which may support the SM cycle.
The abundance of relativistic axions is parameterized by the effective number of neutrino species, ∆N eff , given by
where T d is the modulus decay temperature and B a the modulus branching ratio into the axion pair. Here it is assumed that modulus dominates the Universe at the decay. The Planck constraint reads ∆N eff < 0.84 at the 95% C.L. [27] . Using this, the ratio of the axion energy density to the entropy density after the e + e − annihilation is given by
where T γ is the photon temperature.
As shown in the previous section, a part of the relativistic axions is converted into the photon under the primordial magnetic field and it causes various cosmological effects depending on the redshift and the axion energy. The cosmological constraints on the presence of such high-energy photon injection were summarized in Ref. [56] , which, in the 
where the right hand side means the upper bound on the injected photon energy density in one Hubble time. The bound includes the followings (see Ref. [56] for further details).
• BBN : Photodissociation of light elements are caused by the additional photons. This does not occur for E < 4.5 MeV, below the threshold energy of the D destruction.
For E > 4.5 MeV, this gives tight constraint at t 10 7 sec.
• Spectral distortion of CMB : Additional photons are not thermalized for t 10 6 sec and hence may distort the blackbody spectrum of the CMB.
• Recombination : Photons with energies E > 13.6 eV injected at the recombination epoch z rec ∼ 1090 may affect the ionization fraction of the hydrogen atom, which results in the change in the power spectrum of the CMB anisotropy. This leads to severe constraint : (ρ γ /s) bound ∼ 4 × 10 −20 GeV at around z ∼ 1090.
• Diffuse photon background : Photons with keV -GeV ranges after the recombination are transparent and may be observed as diffuse X (γ)-ray background. For low energy photons with E < 13.6 eV also contribute to diffuse background photons. We also assumed that photons with all energies of our interest are transparent after the reionization z < 11.4.
• Reionization : Photons with energies between 13.6 eV and ∼ keV after the recombination but before the reionization contribute as extra ionization sources for the neutral hydrogen, which may lead to too large optical depth to the last scattering surface as indicated from the measurement of the CMB anisotropy. 
IV. DISCUSSION AND CONCLUSIONS
In this paper we have studied cosmological effects of the axionic dark radiation in the presence of primordial magnetic field. We have derived constraints on the axion-photon coupling and the strength of the primordial magnetic field. If future observations confirm the primordial magnetic field, it will give robust constraints on the properties of axion dark radiation. Since a substantial amount of axionic dark radiation is often produced in the modulus/saxion decay in SUSY axion models or concrete compactification models of string theory, it also gives an important constraint on the high-energy theory. On the other hand, as shown recently in Ref. [46] , the axion helioscope may be able to detect relativistic axion background if g a is relatively large. Then it will give tight constraints on the primordial magnetic field.
Let us comment on the case of the QCD axion. In fact, our constraint is so severe that the a part of the parameters for the QCD axion can be excluded as a dominant dark radiation if the magnetic field has a primordial origin. In the case of QCD axion, the axion-photon coupling g a is related to the axion decay contant as
where C ≈ −0.97 for the KSVZ axion and C ≈ 0.36 for the DFSZ axion. The axion mass is given by m a ≃ 6 × 10 −5 eV 10 11 GeV f a ∼ (3 − 7) × 10 −5 eV g a 10 −14 GeV −1 .
One can see from Note also that, although we have focused on the cosmological effects of the axionphoton conversion, the Galactic magnetic field also converts the axionic dark radiation into photons. From Eq. (18), the conversion probability is given by P a→γ ∼ 10 
where B Gal is the typical magnetic field strength in the Galaxy. 7 The oscillation length is much shorter than the typical coherent scale of the Galactic magnetic field (∼ 1 pc). The conversion probability is saturated at m a ∼ 10 −11 eV, below which the plasma frequency becomes important. Thus typically the conversion rate is small, but it may be more important than the cosmological one depending on the value of B 0 .
Some comments are in order. Since the modulus in general dominates the Universe, the pre-existing primordial magnetic field is diluted accordingly. Therefore we may need efficient mechanism for creating the magnetic field to explain observations [40] . If the currently observed magnetic field is not of the primordial origin, but produced during the structure formation, there may be effectively no magnetic field in the early Universe.
In this case, most of the constraints derived in this paper are not applied. It should be noted however that the generation of the magnetic field and its subsequent evolution are complicated issues, and it is even possible that sufficiently large magnetic fields are produced as a result of amplifications due to the turbulent small-scale dynamo [57] . If this is the case, our constraints will provide extremely tight constraints on the amount of axion dark radiation and its properties.
